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Outline of my 5 talks

@ Introduction to étale groupoids

® Graph groupoids

€ C*-algebras of groupoids

@ Orbit equivalence and isomorphism of graph groupoids
© Equivalence of graph groupoids
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Outline of this talk

@ Diagonal-preserving isomorphism of groupoid C*-algebras and Steinberg
algebras and isomorphism of groupoids.

@ Continuous orbit equivalence of Deaconu-Renault systems.
© Continuous orbit equivalence of graphs.

@ Graded diagonal-preserving isomorphism of groupoid C*-algebras and
Steinberg algebras and isomorphism of groupoids.

© Eventually conjugacy of Deaconu-Renault systems.
@ Eventually conjugacy of graphs.
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Diagonal-preserving isomorphism of groupoid

C*-algebras and isomorphism of groupoids

Theorem

Let G1 and G; be locally compact Hausdorff étale groupoids and consider the
following two conditions.

@ G: and G; are topological isomorphic.
@ There is a x-isomorphism ¢ : C¥(G1) — C*(G2) such that
#(Co(G\")) = Co(GS”).

Then 1 = 2. If moreover G; and G; are second-countable and each Iso(Gj)° is
torsion-free and abelian, then 2 = 1.
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Diagonal-preserving isomorphism of Steinberg

algebras and isomorphism of groupoids

A ring R is indecomposable if 0 and 1 are the only idempotents in R.

Theorem

Let G and G, be Hausdorff ample étale groupoids, let R be a unital
commutative ring, and consider the following two conditions.
® G:1 and G5 are topological isomorphic.
@ There is a R-algebra isomorphism ¢ : Ar(G1) — Ar(G2) such that
0 0
D(AR(GY")) = AR(GY”).
© There is a ring isomorphism ¢ : Agr(G1) — Ar(G2) such that
0 0
P(Ar(GY)) =AR(GY)).
Then 1 = 2 = 3. If moreover each lso(Gj)° is free abelian and R is
indecomposable, then 3 = 1.
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Continuous orbit equivalence

® Let X be a second-countable locally compact Hausdorff space and let
(Un, On)nen, be a family of pairs such that each U, is an open subset of X,
0n: Uy — X is a local homeomorphism, Up = X, 0p =idx, and x € Unp if and
only if x € U, and op(x) € Un in which case om(0n(x)) = Omn(X).

® Recall that orb(x) = {y € X : there exist m, n € Ng such that om(x) = on(y)} in
G(X, (Un, 0n)nen,) for x € X.

e |t follows that if (X, (Un, On)neny) and (Y, (Vn, Tn)nen,) are two
Deaconu-Renault systems and h: X — Y is a map such that
h(orb(x)) = orb(h(x)) for all x € X, then there are functions k, /: U1 — Np such
that T/(X)(h(X)) = Tk(x)(h(Ul(X))) for x e U;.
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Continuous orbit equivalence

Definition

Let (X, (Un, On)nen,) and (Y, (Vn, Tn)nen,) be two Deaconu-Renault systems.
Then (h, k, 1, k’,I') is a continuous orbit equivalence if h: X - Y is a
homeomorphism and k, /: U1 — Ng and k/, I : V1 — Np are continuous maps
such that

Tix) (h(X)) = Tk (h(01()))
for x e U1, and
ory)(h™1(¥)) = Oy (h~H(T1(¥)))
fory e V;.
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Stabiliser-preserving

e If x € X, then xG(X, (Un, On)nen, )X N1so((X, (Un, On)nen,))® = {(X, m—n, x) :
m, n € Np, there is an open neighbourhood U C
Um N Uy of x such that oy (x’) = on(x’) for all x’ € U}.

¢ We say that a continuous orbit equivalence (h, k, 1, k’, ) between
(X, (Un, 0n)neny) and (Y, (Vn, Tn)nen,) preserves essential stabilisers if

m—1
{ Z (I(oi(x))—k(0oi(x))) : m, n € Np, there is an open neighbourhood
i=0
U € Um N Uy of x such that om(x’) = on(x’) for all X’ € U}
={m—n:m,neNp, thereis an open neighbourhood
V C Vm NV, of h(x) such that t,»(y) = Ta(y) forall y € V'}

for all x € X, and
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Stabiliser-preserving

m—1
{Z I'(ti(y)) — K’(Ti(y))) : m, n € Np, there is an open neighbourhood
i=0

V € VNV, of x such that Tm(y’) = Ta(y’) forall y’ € V}

={m—n:m,neNp, thereis an open neighbourhood
U C UnnUp of h~Y(y) such that om(x) = on(x) for all x € U}

forallyeY.

T.M. Carlsen Graph groupoids and C*-algebras Lecture 4/5 Page 8/16



Continuous orbit equivalence and isomorphism of

groupoids and C*-algebras

Theorem

Let (X, (Un, On)nen,) and (Y, (Vn, Tn)nen,) be two Deaconu-Renault systems
where X and Y are second-countable locally compact Hausdorff space and
Om:Un—Xand tm :Vym — Y are local homeomorphisms. Then the following
are equivalent.

@ There is a continuous orbit equivalence between (X, (Un, On)nen,) and
(Y, (Vn, Tn)nen,) that preserves essential stabilisers.

O G(X, (Un, on)neny) @and G(Y, (Vn, Tn)nen,) are topological isomorphic.

© There is a x-isomorphism ¢ : C*((X, (Un, On)nen,)) = CF ((Y, (Vn, Tn)neno))
such that ¢(Co(X)) = Co(Y).
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Continuous orbit equivalence and isomorphism of

groupoids and Steinberg algebras

Theorem

Let (X, (Un, On)nen,) and (Y, (Vn, Tn)nen,) be two Deaconu-Renault systems
where X and Y are totally disconnected second-countable locally compact
Hausdorff space and om : Uy — X and Ty, : Vi, — Y are local homeomorphisms,
and let R be an indecomposable unital ring. Then the following are equivalent.

@ There is a continuous orbit equivalence between (X, (Un, On)nen,) and
(Y, (Vn, Tn)nen,) that preserves essential stabilisers.
O G(X, (Un, on)neny) @and G(Y, (Vn, Tn)nen,) are topological isomorphic.

© There is an isomorphism ¢ : AR((X, (Un, On)neng)) = AR((Y, (Vn, Tn)nen,)) Such
that ¢(Ar(X)) = Ar(Y).
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Continuous orbit equivalence between graphs

Let E and F be two countable graphs. A continous orbit equivalence

(h,k, 1, k’,I") between (8E, (dE=", Op)nen,) and (8F, (8F=", On)neny,) is said to
preserve isolated eventually periodic points if h: 9E — oF and h™! : 9F — 3E
map isolated eventually periodic points to isolated eventually periodic points.
Theorem

Let E and F be two graphs and let R be a indecomposable unital commutative
ring. Then the following are equivalent.

@ There is a continous orbit equivalence between (3E, (3EZ", On)nen,) and
(3F, (8F=", 0n)nen, ) that preserves isolated eventually periodic points.

® G(E) and G(F) are topological isomorphic.
© There is a x-isomorphism ¢ : C*(E) — C*(F) such that ¢(D(E)) = D(F).
O There is a ring isomorphism ¢ : Lr(E) — Lg(F) such that ¢(Dgr(E)) = Dr(F).
© There is a R-algebra isomorphism ¢ : Lr(E) — Lg(F) such that
¢(Dr(E)) = DRr(F).
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Equivariant diagonal-preserving isomorphism of

groupoid C*-algebras and graded isomorphism of
groupoids

Theorem

Let T be an abelian discrete group, let G1 and G be locally compact Hausdorff
étale groupoids, let c1 : G1 — T and ¢ : G, — I be continous cocycles, and
consider the following two conditions.

@ There is a topological groupoid isomorphism ¢ : G1 — G, such that
C1=Co0¢.

© There is a x-isomorphism ¢ : C*(G1) — C!(G2) such that
$(Co(GY)) = Co(GY") and ¢(B (x)) = BZ(¢(x)) for x € C*(G1) and ¢ €T.

Then 1 = 2. If moreover G; and G; are second-countable and each Iso(Ci_l(O))°
is torsion-free and abelian, then 2 = 1.
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Graded diagonal-preserving isomorphism of

Steinberg algebras and isomorphism of groupoids

Theorem

Let T be an abelian discrete group, let G1 and G, be Hausdorff ample étale
groupoids, let c1 : G1 —» T and ¢, : G, — I be continous cocycles, let R be a
unital commutative ring, and consider the following two conditions.
@ There is a topological groupoid isomorphism ¢ : G1 — G, such that
C1=Co (,'b
@ There is a T-graded R-algebra isomorphism ¢ : Ar(G1) — Ar(G2) such that
0 0
P(Ar(GY”)) =Ar(GY)).
© There is a I-graded ring isomorphism ¢ : ArR(G1) — Ar(G2) such that
0 0
D(AR(GY)) = AR(GY”).

Then 1 = 2 = 3. If moreover each Iso(Ci_l(O))° is free abelian and R is
indecomposable, then 3 = 1.
T.M. Carlsen
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Eventually conjugacy and graded isomorphisms

A continous orbit equivalence (h, k, 1, k’, ") between two Deaconu-Renault
systems (X, (Un, On)nen,) @and (Y, (Vn, Tn)nen,) that preserves essential
stabilisers is called an eventually conjugacy if I(x) = k(x) + 1 for all x € X.

Theorem

Let (X, (Un, On)nen,) @and (Y, (Vn, Tn)nen,) be two Deaconu-Renault systems
where X and Y are second-countable locally compact Hausdorff space and
Om:Un—Xand tm :Vym — Y are local homeomorphisms. Then the following
are equivalent.

© There is a eventually conjugacy between (X, (Un, On)nen,) and

(Y, (Vn, Tn)neNo)-
O G(X, (Un, 0n)neny) @and G(Y, (Vn, Tn)nen,) are graded topological isomorphic.
© There is a x-isomorphism ¢ : C*((X, (Un, On)nen,)) = CF ((Y, (Vn, Tn)neno))

such that ¢(Co(X)) = Co(Y) and ¢(B(x)) = By (#(x)) for
x € C*((X, (Un, On)nen,)) and y € T.
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Eventually conjugacy and graded isomorphisms

Theorem

Let (X, (Un, On)nen,) @and (Y, (Vn, Tn)nen,) be two Deaconu-Renault systems
where X and Y are totally disconnected second-countable locally compact
Hausdorff space and om : Uy — X and T : Vi, — Y are local homeomorphismes,
and let R be an indecomposable unital ring. Then the following are equivalent.
© There is a eventually conjugacy between (X, (Un, On)nen,) and
(Y, (Vn, Tn)nel\lo)-
O G(X, (Un, 0n)neny) @and G(Y, (Vn, Tn)nen,) are graded topological isomorphic.
€ There is a graded isomorphism
¢ : AR((X, (Un, On)nen, ) = AR((Y, (Vn, Tn)neny)) such that ¢(Ar(X)) = Ar(Y).
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Eventually conjugacy between graphs

Theorem
Let E and F be two countable graphs and let R be an indecomposable unital
commutative ring. Then the following are equivalent.

@ There is a eventually conjugacy between (3E, (EZ", 0p)nen,) and
(aF, (aFZn, On)neNo).

@ G(E) and G(F) are graded topological isomorphic.

© There is a *-isomorphism ¢ : C*(E) — C*(F) such that ¢(D(E)) = D(F) and
(By(x)) = By($(x)) for x € C*(E) and y € T.

@ There is a graded ring isomorphism ¢ : Lr(E) — Lg(F) such that
¢(Dr(E)) = Dr(F).

© There is a graded R-algebra isomorphism ¢ : Lr(E) — Lr(F) such that
¢(Dr(E)) = Dr(F).
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